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Abstract

This work presents the derivation of the large time and distance asymptotic
behavior of the field—field correlation functions of impenetrable one-
dimensional anyons at finite temperature. In the appropriate limits of the
statistics parameter, we recover the well-known results for impenetrable
bosons and free fermions. In the low-temperature (usually expected to be
the ‘conformal’) limit, and for all values of the statistics parameter away from
the bosonic point, the leading term in the correlator does not agree with the
prediction of the conformal field theory, and is determined by the singularity
of the density of the single-particle states at the bottom of the single-particle
energy spectrum.

PACS numbers: 02.30.1k, 05.30.Pr, 71.10.Pm

1. Introduction

This is the last paper in the series of papers [1-3] in which we study rigorously the large
time and distance asymptotic behavior of the temperature-dependent field—field correlation
functions of one-dimensional impenetrable anyons. In this work, we present the derivation of
the final results for the asymptotics of the time-dependent correlation functions. As in the case
of ‘static’ (same-time) correlators, for which the asymptotic behavior was computed in [3],
the starting point of our analysis is the determinant representation for the correlators found
in [1, 2]. With the help of this representation, we are able to derive a system of differential
equations for the correlators, which is the same as the one for impenetrable bosons [4, 5], but
with different initial conditions. The asymptotic behavior of the correlators is computed then
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by solving the matrix Riemann—Hilbert problem that is associated with the obtained system of
the differential equations. The most striking feature of the time-dependent asymptotics found
in this work is the fact that its leading term is non-conformal. It contradicts the predictions
of the conformal field theory (or, equivalently, bosonization) that were derived for the one-
dimensional anyons in [6, 7]. This is in contrast to the static correlators which agree with the
conformal field theory.

The model of impenetrable anyons considered in our series of papers is arguably the
simplest physical model of one-dimensional particles with fractional exchange statistics, and
is the anyonic generalization of the impenetrable Bose gas first studied by Girardeau [8].
Despite its simplicity, the model is closely related to the realistic models of transport of
anyonic quasiparticles of the fractional quantum Hall effect [9]. The model of impenetrable
anyons can also be viewed as the infinite-repulsion limit of a more general model of anyons with
d-function interaction of finite strength, called the Lieb—Liniger gas of anyons, and is suggested
in [10]. Introduction of the fractional exchange statistics in one dimension requires additional
convention for the direction of the particle—particle exchanges [7, 9]. This implies that for
finite anyon—anyon interaction, the anyonic wavefunction is discontinuous at the coincident
particle coordinates, the fact that makes the physical interpretation of the finite-interaction case
difficult. Nevertheless, the Lieb—Liniger gas of anyons can be well defined mathematically and
has received considerable attention in the last few years. As a result of these efforts, we know
the Bethe ansatz solution [10] of this model, the low-energy properties and the connection
with Haldane’s [11] fractional exclusion statistics [12, 13], the thermodynamics [14], the
ground-state properties [15] and the low-lying excitations [7]. Various techniques were used
to study the correlation functions (mostly for the physically motivated impenetrable case)
such as the Fisher—Hartwig conjecture [16, 17], bosonization [6], conformal field theory [7],
numerical calculations [19, 20] and the replica method [18]. The present paper, together with
our previous papers [1-3], is devoted to the exact calculation of the asymptotic behavior of the
correlation functions using the techniques developed for impenetrable bosons [4, 5, 30-33]. It
should be mentioned that other models of the one-dimensional fractional exchange statistics
[21-27] can also be found in the literature. In particular, the quantum inverse scattering
method with anyonic grading was developed recently in [28].

The main result obtained in this work is the large time and distance asymptotics of the
field—field correlator (W (x,, )W (x;, 11))7r of impenetrable anyons at finite temperatures.
This result can be expressed conveniently in the rescaled variables (see equation (9)) in which

(W (2, )W (1, 1)) = VTg(x, 1, B, 1), (1)

and the function g(x,t, B, k) is defined below. To do this, we need to introduce several
quantities:

C(x,t,B,k) = %/ Ix — 2¢tA|In|@(A%, B, k)| dA,
oo 2
I(B, k) =3 (/ In (22, ﬁ,x)dk)

and
e)»z— B _ eimc

2 —
90()" 5135K)_ eA27ﬂ+l

; 3)

where the branch of the logarithm is chosen so that lim;_, o, In 002, B8, k) = 0. With these
definitions, our result for the function g(x, ¢, 8, k) can be stated as follows. In the large time
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and distance limit: x,¢ — oo, with x/¢ = const, the asymptotic behavior of the field—field
correlation function (1) is given by

g(x’ t, ﬂ’ IC) — tU2/2 eC(x,t,,B,K)+ix1(/3,K) [C0t71/27i\) eZit(A§+ﬁ) +c eZ(:ﬂ:tﬂKfix)u(T) +0(1/«/;)]’ (4)

where Ay = —x /2t and v = —% In |<p()»?, B, K) | Other notations are

W= —(B+VB ) P V2 (- + B+ 7)Y, (5)

with « € [0, 1] being the statistics parameter: ¥ = 0 for bosons and ¥ = 1 for fermions,
co and c; are some undetermined amplitudes, and the upper and lower signs correspond,
respectively, to the space-like and the time-like regions defined by x /2t > /B and x /2t < /B.
Equation (4) also assumes the condition |+/B + iwk —x/2t| > J4/B + ik, where one should
take the positive branch of the square root, the meaning of which is clarified in the main text. It
might be argued that for any finite «, the second term in the parenthesis of the asymptotics (4)
is exponentially small compared to the error term and therefore should not appear there. The
presence of this term is justified, however, by the fact that it becomes dominant in the bosonic
limit k — 0, when JAJ — 0. It is interesting to note that for all k¥ # 0, the first, leading term
of the asymptotics (4) is not the one predicted by the conformal field theory or bosonization
[6, 7], and only the second, sub-leading term gives the conformal part of the asymptotics, as
demonstrated explicitly in section 7.

The plan of the paper is as follows. Section 2 describes the determinant representation
for the correlation functions obtained in [1], which is used in section 3 to obtain differential
equations indirectly describing these functions. The relevant matrix Riemann—Hilbert problem
is introduced in section 4, and its asymptotic solutions in the space-like and the time-like
regions are presented in sections 5 and 6. The complete results for the correlators are
summarized in section 7, and their analysis in the bosonic, fermionic and the low-temperature
(‘conformal’) limit is given in sections 8 and 9. In the two appendices, we (A) discuss
the large time and distance asymptotic behavior of the correlators of free fermions, and (B)
present detailed analysis of the function C(x, ¢, B, k).

2. Determinant representation for the field—field correlator

The second-quantized form of the Hamiltonian of the Lieb—Liniger gas of anyons is
H = f dx ([, N[ ¥ ()] + W )W )W () W (x) = hW )W (), (6)

where / is the chemical potential and c is the coupling constant, assumed in our case to be
infinite to make the anyons impenetrable. The anyonic fields satisfy the commutation relations
of the usual form

W)W () = e TR () W () + 8 (x1 — x2),

W)W () = ™D () Wi,
with €(x) = x/|x|, €(0) = 0. The commutation relations become bosonic for k = 0, and

fermionic for k = 1. We are interested in the asymptotic behavior of the space, time and
temperature-dependent field—field correlator defined as

Tr(e= /MW (x5, )W (x1, 1))
-i. _ 9 9
(W(x2, )W (x1, 1)) = Tro—H/T .

In [2], we have obtained the following representation for the correlator:
1
2r

; (7

(W (x2, fz)\IJT(xl’ W)y = RUEY <
a=0

’ 0 (7a
G'(t12, x12) + a) det (1 + VT)
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where x,, = x, — Xp, tuyp =t, —tp,a,b =1,2, and det(1 + VT) is the Fredholm determinant
of the integral operator with the kernel

VE(h, 1) = cos*(mic/2) exp { — 5102+ )+ 330+ u)}ﬁ(mw

" EM 2, xi2) — E(ultiz, x12) o
2L — ) 273
which acts on an arbitrary function f(}) as

(Vif) o = / Ve, ) f () dp.

E(Mhz,Xlz)E(MVlz,Xlz)], ®)

The functions G'(#13, x12) and E (A|t12, x12) in equations (7) and (8) are defined by

G'(t12, x12) = /OO elhan’ sk du
—0Q
and
0 eiflzll’zfixlzl/- o,
E(\|t2, x12) = PV. f dp————— + 7 tan(wi /2) g2 ek
o w—A

where P.V. denotes the Cauchy principal value, and (1) = 9 (A, T, k) in equation (8) is the
Fermi distribution function of the quasiparticle momentum A at temperature 7" and chemical
potential A:

1

The correlator (7) depends on five variables: time, distance, temperature, chemical
potential and the statistics parameter. It is convenient to rescale three of them and the
momentum A by temperature:

x = (x1 —x)VT/2, t=(t—1)T/2, B=h/T, »— r/JT. )

Then the explicit dependence of the correlator on temperature is simple and is given by
equation (1). To see this, one needs first to obtain a more manageable expression for the field
correlator (7). In the rescaled variables (9), the functions G’ and E are given by

o0
G'(t,x) = VTG, x), G(t,x) = / 22 =2ixk g (10)
—00
and
oo 672itu272ixu oy
E(At,x) =PV. / dp——— +m tan(rr/2) g A A (11)
—00 w—=
We introduce the two functions e (1):
2 . .
e_(\) = —COS(’; KI2) S5 i (12)
and
2 . .
e () = e OVEQ) = SBTK/D 155 inein
T
oo e—2itu2—2ixu s
X P.V./ dpu———— + 7w tan(mwi /2) e AP 72k ) (13)
0 nw—A

In terms of these functions, the kernel (8) of the integral operator appearing in (7) is expressed
as

o
Vi w) =V, ) — EAT()L: M),
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with
Vi G pt) = e+(>»)6-(M£ : ;—()»)ar(u) (14)

and

Ar(h, p) = ex(Mey ().
In what follows, we also need some basic formulas from the theory of Fredholm determinants:
. o (_1)n+l
logdet(1+V) = Z
n=1
where V" (A, ) is determined successively by V"(A, u) = f VO, )V, w)dv and
Vi(h,;u) = V(A, ). The trace is defined naturally as TrV = f V(X,A)dA. Then,
TrV? = ff VA, )V (u, A)dr du, and so on. Using these relations, one can see directly that

odet (1 + V¥ T 0 A "
M = —£Tr[(1 +Vr) T Arldet(1 + V),
da I 2

which together with equation (10) gives equation (1) for the correlator with

v, A+ =1V Ve

gx,t, B, k) = —% A B(Te[(1+ Vp)'Ar] — G(2, x)) det(1 + V). (15)

The integral operator V7 whose determinant appears in (15) is of a special type
called ‘integrable’ operators [4, 5, 34]. This type of integral operators have kernels of
the ‘factorizable’ structure similar to equation (14) and are ubiquitous in investigations of
correlation functions of integrable quantum systems and distribution of eigenvalues of random
matrices. If an operator is integrable, the resolvent operator defined as

Ry =+ Vp)~'Vr, 1+ VA= Rp) =1,
is also of the same type, which means that the resolvent kernel that solves the integral equation
+00
RT()"s M)+/ VT()‘*’V)RT(Us /J/)d\/ = VT()‘" H/)
—00

is also factorized as in (14):

_ SO = ) ()

R
T N —u
The functions fy()) are the solutions of the integral equations
+00
700+ [ Ve fa0 dn = e . (16)
—00
Now we can introduce an important class of objects called auxiliary potentials defined as
+00
Bt o) = [ aGifuod L= a7
—00
and
+00
Cntxtpor = [ da@ifuydr Lm = ()
—00
Due to the symmetry of Vr(A, u), we have B,_ = B_,. One can see directly that

Tr[(1 + ‘A/T)‘1 Ar] = B,,. Therefore, defining b,, = B, — G, we obtain the following
representation for the function (15) in the time- and temperature-dependent correlator (1):

1 . ~
g1, B0) = —o— b, (x,t, B, k) det(l + Vp). (19)

Since g(x,t,B,k) = g(—x,t,8,—«) and g(x,t, B, k) = g*(x, —t, B, —«k), to study the
correlator, it is sufficient to investigate only the case x > 0, ¢ > 0.
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3. Differential equations for the correlation functions

Obtaining the differential equations directly for the correlation functions at finite temperature is
an extremely difficult task. One can, however, obtain a system of partial differential equations
for the auxiliary potentials and show that the derivatives of the logarithm of the Fredholm
determinant

o(x,1, B, k) = logdet(l + V7) (20)

is expressed in terms of a combination of the auxiliary potentials and derivatives. The
differential equation for the potentials are obtained as follows. First, we define a two-
component function

(£
ro=(7%)

and look for three matrix operators L(A), M(1), N(A) which depend on the auxiliary potentials
and their derivatives and satisfy the Lax representation conditions

LAFA) =0, M@A)F(A) =0, NA)F(r) = 0.

The differential equations for the potentials are obtained then from the compatibility conditions
for the Lax representation

(L), M)] = [LA), N(W)] = [M(2), N(2)] =0

which should be valid for any value of the spectral parameter A.
Specific calculations follow closely those for the impenetrable bosons [4, 5] and their
main ingredient are the following relations:

WE(\) = —2iG — 2ILE(N),

& E(\) = —2iA2E — 2iAG + 0, G, @21)
IpE() =0,
3 E()) = —(ditA +2ix)E — 4itG, (22)

which can be proved directly from definitions (10) and (11) of the functions G and E. Here we
only present the results of the calculations.

Lemma 3.1. The potentials C(x,t, B8,k) can be expressed in terms of the potentials
B(x,t, B, k) and G(x,t) as follows:

1
Coy = Eax By —2GB,_+ B, By,
C_=-~3,B__— B, B__
2

and

C,.=C_,=B> —B,B__.

Theorem 3.1. Define
g =clPp g =e2Ph,,,
and

n=g g.=buB__, P =8-0:8+ — 8+0:8—-
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Then g_ and g, satisfy the separated nonlinear Schrodinger equation
—id, g, = 2Bgs + 3078, + 4878,
0,8 =2Bg +5078 +4g g, @)
and
—2idin = 0y p.
The equations containing the f-derivatives are
9p0x8+ _ Opdxg— _ o

8+ 8-

and

—id, +49gp =0, O +80gn+2=0.

The previous theorem characterizes completely the potentials B__ and b,,(B+;). The
other potentials can be expressed in terms of these two as

0xBy_ =2ib B__, 0By = —p,
(24)
9pB,_ = —ix/4 —ip/4,
and
8x(C+7 - C7+) = (B++ - ZG)axB,, - B,,3XB++. (25)

Finally, we have the following theorem.

Theorem 3.2. The derivatives of the logarithm of the Fredholm determinant o (x,t, B, k)
are given by

0,0 = —2iB,_,

do = —20GB__ —2i(C,_ +C_,), 6)
dp0 = —2itds(Cy_ + C_,) — 2ixdpB,_ — 2it B__3y By, +2it (Byr — 2G)3sB__

+2(3pB1s) (8 B——) — 2(35B+-)*.

All the differential equations above do not depend on the statistics parameter and are the
same as those obtained for impenetrable bosons in [4, 5]. The statistics parameter appears only
in the initial conditions which can be extracted from the equal-time field correlator studied in
[2, 29]. The same phenomenon was noticed also for static correlators at 7 = 0 [17] and finite
temperature [2, 29].

4. Matrix Riemann-Hilbert problem

The discussion in the previous sections implies that with the use of the differential equations,
the large-time and -distance asymptotic behavior of the field correlator can be extracted from
the corresponding behavior of the auxiliary potentials. A powerful method of obtaining
the asymptotics for the potentials is the formalism of the matrix Riemann—Hilbert problem
(RHP). Here, we consider a specific matrix RHP associated with the integrable system that
characterizes the potentials. Solution of this RHP will allow us to obtain the asymptotics of the
potentials and field correlator. In details, we are interested in finding a 2 x 2 matrix function

7
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x (1), nonsingular for all » € C, and analytic separately in the upper and lower half planes,
which also satisfies the following conditions:
x-) = x+M)GQ), x+(2) = lim x(A £ie), AeR,
e—>0 (27)
x(00) = 1I.
Here [ is the unit 2 x 2 matrix and G (1) is the conjugation matrix defined only for real A and

given in our case by
GG = 1 —2mie,(A)e_()) 2niei()\)
- —2mie? (A) 1+ 2mies(Me_ (V) )
The functions e (1) appearing in this equation are defined in (13) and (12). The matrix function
x (X) depends also on x, ¢, 8 and «, but this dependence is suppressed in our notations. Also,
in what follows, we will consider « € (0, 1]. The case of impenetrable bosons, k = 0, requires
a special treatment presented in [5, 33].

(28)

4.1. Connection with the auxiliary potentials

In this section, we show that in the limit of large A, the auxiliary potentials can be extracted
from the solution of the RHP (27). To do this, one can see first (as shown, e.g., in chapter XV
of [5]) that the RHP is equivalent to the following system of singular integral equations:

1 /+°° X+ — G ()] d

rMN=1+—
x+(2) . w——i0

, L eR.
i H

Multiplying from the right with
_ I e()
H() = (0 N m) :
and introducing ¥ (1) = x+(A)H (1), we transform these equations into

+00 —1 _
70y = 1y [ ROOHUOT GO GGOIH ) o,

)

211 J_o u—xr—i0
_ 1 awGe, W
_H(A”zm/_oo a0
where
- )
— \2mie_(u) 2mi(er(Me— (1) — e—(Mes(w))
and
oy _(xn+Q) xn+)es (D) + X124 (Me— (1)
KO =0 WH G = (xﬂ,w Yo+ (e (1) + m,+(x)e_<x)) - @)
The integral equations for X1, and X, are
2= en(R) +/ °° )A(IZ(M)(E+()\)€';(/_/L))L_ e_(X)er (1)) du. A eR, (30)
and
23 = e () +/ Xzz(u)(e+(>»)ef(u)k— e_(M)es (1)) d. L eR. 31)
—00 n—=

Taking into account that the functions fy(A) satisfy the integral equations (16), where the
kernel Vy (A, u) is given by equation (14), one can see directly from (30) and (31) that

X12(2) = fi (), X2(0) = f-(b). (32)
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Also equation (29) gives that ¥1;(A) = xi11.+(A), x21(A) = x21.+(AX). Therefore, using
equation (32), we obtain the following integral equations for y;; (1) and x; +(A):

T e (1) fr () e () f- ()
=14 [ OB G = [ SO er
oo M —A—10 oo M —A—10
Continuing analytically into the upper half plane, taking the limit of large A, and using the
definitions of the auxiliary potentials (17) and (18), we obtain from these equations

1 1 1
Xll()»)=1—XB—+—ﬁC—++0<ﬁ>, (33)
1 1 1
Xz]()\.) = _XB__ — EC__ + O (F) . (34)

In order to obtain similar expansions for xj»(A) and x2(X), we proceed in the following
fashion. First, equation (29) gives

XA = f-() = o1+ (Ve (D) + x22,+(M)e_(1).

Then, using equation (34) and the large-A expansion of the integral equation (16) defining
f— (L) we rewrite this equation as

1 1
e-(A) — X (e+s(M)B__ —e_(M)B_,) — E(€+(/\)C—— —e_(WNC) +- -

=e,(V) (—lB__ - ic__> +e (L) (1 + 1;@? + ixg) T (35)
A A2 A A2
Comparison of the two sides of this equation implies that
1 1 1
X)) =1+ XB+_ — pCJ,_ +0 <F) . (36)
The expansion for x1,(X) can be derived through similar steps:
1 1 1
x12(A) = XB+++ﬁC_++O (E) (37)

Collecting the results (33), (34), (36) and (37), we see that in the large-A limit, the auxiliary
potentials follow from the expansion of the solution of the RHP (27):

1 (—B_, By I (—C_, Cis 1
=1+ — — )
x(A) + 3 (—B__ B, + Z\c_ o, +0 3 A — 00
4.2. Transformations of the RHP

It will be useful to perform several transformations on the RHP (27). The first one is

x () = x (M) xo2),

_ 1 _Cl()\,) B +00 672itp,272ixu
o=y ") ew= [T

Using the fact that the boundary values of the function a (1) on the real axis are

with

g +00 672it/L272ixu
ar(A) = tig e 220 L PV, / - du,
PSS nw—A
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it can be shown that the matrix ¥ (1) solves the transformed RHP

- = WG, LeR, X(o0)=1, (33)
with G(A) = x0. (MG (L) X(;_l (A) given explicitly by
G0 = 1 — M) +e™) 2ri((A) — 1) g~ 2iA?=2ikx
T\ Zcos(e/p () (e )

The specific form of the second transformation depends on whether we are considering
the ‘space-like’ (x/2t > /B) or the ‘time-like’ (x /2t < /B) region.

4.2.1. Transformation in the space-like case. As a first step, we need to introduce the
functions

22— ik
22, B, k) = e -° (39)
p(A7, B, R
and
() = exp ‘T/ G, B.6) | . (40)
Tl oo —A

The latter is the solution of the following scalar Riemann-Hilbert problem (for more
information on scalar RHP see, e.g., [37]):

a_(A) = o, (W1 — W) (1 +e™)], reR, a(co)=1.
Then, the second transformation in the space-like case is
() = g (e M,

where o3 is the third Pauli matrix. The new matrix function ® (1) solves the matrix RHP

D_(A) =D,(M)Go (M), LeR, J(oo)=1, 41)
with the conjugation matrix G ¢ (1) = e® MG (L) e~ e,
1 A —2irA2—2ixA
Ga(h) = L, P®e , “2)
g(h) e 14 p()g(h)
where
, e
p() = 2wila_(A)] Y CET (43)
e —e
and

2, 5 1
q(A) = ——cos”(mk /D[ (M)] "= (44)
T et

B _ einx :

4.2.2. Transformation in the time-like case. The transformation in the time-like case is
similar to the one performed in the space-like case. The difference is that the function (1) is
now defined as (note the change of the sign of «)

1 +00 dM 2
a(A) =expi—5— Ing(u”, B, —K)
271 J_oo M — A
and is the solution of the scalar Riemann—Hilbert problem
a_ (M) = ay (W[ =) (1 +e ™)), reR, «a(oo)=1.

10
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The new matrix ® (1) = ¥ (1) e**!"*® golves the same RHP (41) but now with the conjugation
matrix Gg (1) = e~ Ina(d) G(k) eto3lna).

_ (14 p)g()  pn) e R
G(I)()L) - <q()\’) eZitA2+2ixk 1 ’ (45)
where p()1) and g (X) are
22—
p() = —2mila- (WP (46)
e -8 _ e—ink
and
2%, L 1
qA) = ——cos™(mwk /Do (M) 57— 47
T eM P —eTink

4.3. Potentials in terms of the ® matrix

In section 4.1, we showed that the auxiliary potentials can be extracted from the large-A
expansion of the solution x (1) of the RHP (27). However, since we explicitly will be finding
the asymptotic solution of the RHP (41), we need to express the potentials in terms of the
@ matrix. The computations necessary to do this are presented below only in the space-like
case, the time-like case being similar. The first step is to obtain the large-A expansion of all
the terms in the relation

() = x (Mg (e e,

Explicitly, we have in the limit A — oo:
_ 1 (—B_, By 1 (—C_, Ci 1
xQ) =1+ (—B__ B, ) 2l . ) O\%)
1 /0 -G 1 /0 -GV 1

—1 _ - - -
Xo (’\)_”A(o O>+A(O 0 >+0(A3)’
e % Ina(X) =17 +l — 0 +0 i

A\ 0 )

where G is given by (10) and

1 +00
a=— / Ing(u?, B, k) du. (48)
71 J oo

Considering a similar expansion for ®(1):

_ o L@ (@), 1 (@) (P 1
PRy =1+ A ((CDI)ZI (<D1)22> TR <(¢2)21 (CD2)22> +o ()»3) ' A= oo

and equating the terms with equal powers of A, one finds
B, = —(®)11 — ay, by = (P12, B__ = —(®)a,
CitC 1+ B _G = (DP2)n — (P2)11-

In the time-like case, similar computations give

B, = —(®1)11 + ap, by = (P12, B__ = —(®1)a,
Ci +C_i+B__G = (D) — (P21,

(49)

(50)

with

l +00
= f Ing(u2, B, —) dp. 1)
i) o

11
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5. Asymptotic solution of the RHP: space-like case

We are interested in solving the RHP (41) in the limit of large x > 0 and ¢ > 0, but with finite
ratio x /t = const. If one compares the solution with the corresponding solution for the static
case (without time ), the analysis in the time-dependent case is more complicated due to the
presence of the stationary point of the phase

d(x,1,0) =A% +xA,

where 0,¢ = 0. This condition gives
A‘Yz—i, x>0, >0, A;<0O.
2t

The asymptotic analysis of the RHP has to properly take into account this stationary point.
In this work, we do this by employing the method pioneered in [35, 36], also used for the
impenetrable bosons [5, 33]. The main ingredient of this approach is the Manakov ansatz
[35] which provides an approximate solution ®" (1) to the RHP (41). The Manakov ansatz in
the space-like region is different from the one in the time-like region, even though the results
obtained from both forms of ansatz will be the same in the leading order. The asymptotic
analysis is based on the two assumptions: (i) the RHP is solvable and (ii) the boundary values
of @ (A) on the real axis are uniformly bounded in the limit # — oo. These assumptions can
be proved following sections 6 and 7 of [33]. Also, we require that

IRVB +imie| — x/2t] > |3/B +imk|. (52)

The meaning of this inequality is discussed below (see section 5.3). While this condition is
not essential in that one can analyze other regimes as well, it is always satisfied, in particular,
in the more interesting low-temperature case 8 > 1.

5.1. Manakov ansatz

The space-like region is defined by
A < =B, B=h/T >0,

a condition that can be expressed in more explicit notations as
(x1 —x2) > vr(ta — 1) > 0,

where vy is the velocity of excitations, which in our model of impenetrable anyons coincides
with the Fermi velocity of free fermions, vy = 2kp, with kp = «/h, in the conventions used
in the Hamiltonian (6). The Manakov ansatz in the space-like region is given by

() = ( 1 —IV()»)> e@]ns(,\)’

—191()) 1
where

1 ro s 8- :

10y = 5 [ g e g, (53)
i J_o w—A
1 s (w)s! .

1700 = 2_/ MCI(M) e2id (x,1,p) dpu, (54)
71 J_o mw—A

and the functions p(X) and g (A) defined by equations (43) and (44). The function §(}) is the
solution of the following scalar RHP:

8+(2) = - M+ pM)gM)n(hs — M1, LeR, é&(c0) =1,

12
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with n(A) denoting the step function
1, A>0,
0, A<0.

This scalar RHP problem can be solved explicitly (see, e.g., [37]), and if we take into account
that

n) = {

L+ p(g) = le(A2, B, 1),

the solution is

1 A du
8(M) =exp{7/ ln|¢<u2,ﬁ,x>|2}.
T oo b — A

5.1.1. Properties of §(A). Before we show that ®” (1) is an approximate solution of the RHP
(41), it is useful to investigate some of the properties of the function §(1). For A € (A, 00),
integration by parts gives

1 As

271 J oo L — A

1
Injp(u?, B, x)|* = —InG. = 2) Injp (A2, B, k)|

e
L / Injp — Ald(nlg(u2, B, 1)) dye.
i)

Introducing two quantities

vy, B, k) = %m}gD(,\g, i)' >0, (55)

and

1
y() = ;[ In|ie — Ald(Inl(u?, B, ©)]) du,

—00

one can use this relation to write 5+ (1) for A € (A, 00) as
8:(A) = (. — )Y expliy (),

where (A — )\v)i are the boundary values of the multi-valued function (A — )" defined in the
complex plane with the branch cut along the ray (—oo, A;]. When A € (—o0, A;), integration
by parts for singular integrals (see, e.g., [37], p 18) gives

1
S (h) = exp{ +Injp(A%, B k)| + — In(A; — M)+ In|p(23, B. k)|
71

1 [*
-— / Inlp — Ad(Injg(1?, B, K)I)du}-
This equation can be rewritten as

w . 1
8:(1) = (h = )Y expliy O)le (W%, B, ) |9 (33, B, ) |7
in the notations used above. Therefore, the function 6 (A) in both regions is

. _1\ EnGs =)
800 = (k= 2 expliy ) (Ie G2, 8. 0l (32 B.%)| ')

and
8. (8- (1) = (L = 1)Y= A5 (exp 2iy (1),
showing integrability of the singularity at A,.

13
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Figure 1. Stationary-phase contours for evaluation of the integrals (53) and (54) in the large-7 limit
in the space-like case. The dots are the zeros of the function & F _ ei™% with Aq denoting the
zero which gives the exponentially decreasing correction with the slowest rate of decay.

5.1.2. Estimation of 17 ()) and I9(}). In order to estimate I/”(A) and /9(A) in the large-¢
limit, we use the steepest-descent method to evaluate the integrals (53) and (54). The paths of
the steepest descent going through the stationary point A, are shown in figure 1. An important
consideration is that besides the contribution to the integrals of this stationary point, which is
of the order

1
0 (m) : 0

one also has to take into account the contribution of the residues located at A &£ 10 and at the
zeros of the function e’ — ei™*. We begin by first neglecting the contributions from the
residues at the zeros of > ~# — e which at large ¢ give exponentially small corrections and
focus on the residue at A £ i0. (A more complete estimate will be presented in the following
sections.) Transforming the integration contour in (53) from the real axis to the steepest-
descent path I', (see figure 1), and using the analytical properties of the integrands discussed
above, we obtain

i 1
I = — )8, (M) 2i¢(x.1.) ‘
£ () =n0s =18 (M)5-M)pA)e +0 («/?(/\ — M)) (57)

Similarly,

. 1
IP(L) = —n(h — A)8:(W)S_ (W) p(r) e HEE 1M — ).
G0y) n( $)8:(AM)_(M)pA)e +0<\/m_m) (58)

For 19(), the computations follow the same steps with the steepest descent path I, (see
figure 1), and the result is

. 1
909y — -1 -1 2igp(x.1,4)
IZ(A) = E£n(FA, £, (M)S” (M)g(h) e +0 (\/;()» - )\S)) . (59)

14
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The calculations above are valid when X is not too close to the stationary point A;. In the
vicinity of the stationary point, the integrals /7 (X) and 79 ()) can be estimated as

176y ~ P /*‘X’ (1= Ag)Y (1 — Ay exp(—2ig (1)) an
2ri J oo w—A
and
190y ~ & /*"" (10— A7 (i — )~ exp(2igp (1)) an.
271 J_oo w—A
with
Ps = p()‘s) exp(zi)/ (}"s))’ qs = q()\s) GXP(—ZiV ()\s))~

This means that in the vicinity of A, the -dependence of /7 and 17 in the leading order is given
by the following relations:

176y = /+°° M exp(=2itp?) i /“’" | exp(=2ip?)
: —00 m— = Ay) —00 M_\/;()t_)hs)

dp, (60)

and

—2iv fe,2 —2iv s 2
IS‘I()\) _ /+m [l exp(2itp”) dy = v /+oo Md
—00 M_()‘_)‘*s) oo /JJ_\/;()\.—)\S)
The boundary values of these Cauchy integrals are uniformly bounded (see [37]) in v/ (A —Ay)

due to the fact that v is real. This proves that the boundary values of /7 and I and therefore
@’} (1) are bounded in the large-f limit.

(61)

5.2. Approximate solution of the RHP

Now we are ready to show that the Manakov ansatz & ()) is an approximate solution of the
RHP (41). More precisely, if ®(A) is the exact solution of (41), then

PN =[I+03@9)]P"(N), o€ <0, %) , for t— +oo, _x < —\/,E, B> 0.

2t
(62)
Indeed, not too close to A, we have from equations (57), (58) and (59)
[or )]
—e ln8+()»)( 1 _ N — A8 (M)S_ (M) p(A) e—zup(x))
n0. — 487 ()8~ (W)g () €29 )
0 (%)
Vie=25))’
and
T = ( ! A N — A)8: (WA (A)p(1) ezizpm)
_ n(hy — )”)5:1()\)5:1()»)(]()») Q210 () 1
o3Ins_(A 1
x e ™10 (m) ’

so that

) o 1 () 2122 =2ix2 (;)
[CI>+ ()»)] DT(R) = (q(k) Q22 2ixa 4 p(M)g (L) +0 VI =)/

15
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Since the boundary values of (60) and (61) are uniformly bounded, this means that
[CDT()»)]_ICDT(A) =Go(A) +ro(2), (63)
where G¢(A) is given by (42) and

O(L/[VEO = 2D, 1A — A > 171/2%,

o). b — ] < 17120, ©4)

ro(A) = {

for t — oo and with ¢ € (O, %) If one introduces the matrix
R() = oW)[®" ()],
then
R.(}) = R_() = &, (W[@rM)] ™ — &_(le" )],
and using equation (63) and the relation ®,(A)G (1) = ®_ (L) we obtain
R.(M) = R-(1) = r(A) = @, ()roM)[@~ ()]

Taking into account that R(oco) = I we see that this relation implies that the matrix R(X) can
be represented like this:

+00

1
RO) =1+ — rin)
2w J_ oo — A

du, for 1 e C/R.

Under the hypothesis that &, (1) is uniformly bounded in A € R (which can be proved as in

[33]), r (1) satisfies the same estimates as ry(A). Therefore, outside of a vicinity of A,
RM)=1+0@1"°%, o0¢€(0,3).

proving equation (62).

5.3. Asymptotic behavior of the potentials

Making use of the Manakov ansatz
() —1PM)8~' ()
—17(A)() 571 ’
one can extract the auxiliary potentials from the large-A expansion using the formulas obtained

in section 4.3. We start with b, which enters directly the expression (19) for the field correlator.
Since ®" (1) is an approximate solution of the RHP, equation (49) can be written as

" (1) = (

1 +00 )
b = (@) p + o) = — f 8 (8- () p() €240 dp + o(1), (65)

with p(A) given by equation (43). The integral appearing in this expression can be estimated
via the steepest-descent method in the same way as we did for 7”(A) in section 5.1.2. This
means that if one neglects the exponentially small corrections that come from the residues at
the zeros of e’ — i, equation (65) gives

IRV .0
b++ = cof 1/2—iv e2lt)»s +0(1)’

where A; = —x/2¢, v is defined by equation (55), and ¢ is a constant which depends on 8
and «. Until now, all the considerations were rigorous. The fact that the Manakov ansatz is
only an approximate solution of our RHP, as specified by equation (62), means then that the
next term in the asymptotic expansion could be of the order of O (1~'/279), and one should not
take into account the exponentially small terms which appear in the complete evaluation of
the integral (65). There is, however, a caveat. Condition (52) ensures that the transformation

16
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of the integration contour from the real axis to the steepest-descent path encloses the pole at
A = XA, which is closest to the real axis (see figure 1) and is given by

hy = —(B+ VB +7) 2 Ve —i(-B+ B+ ) VA
The residue at A = A, gives the most slowly decaying exponential term to the integral (65),
i.e. a more complete solution for (65) including the contribution from A = A is

by, = COI—I/Z—iv ezimf +o e—2i¢(x,y,,\g) +o(1),
— Cot—l/z—ivezit,\f +o le(m(—iﬁ) e—zixxg +o(1). (66)

As one approaches the bosonic limit k = 0, the second term in (66) which arises from the
pole at A = A, becomes dominant even when compared with a possible O (z7¢) term, since
Ay — 0 in this limit. This term is the main component of b, in the case of impenetrable
bosons. This shows that the exact solution for b, should be written as

S IRV
1/2—iv it oot 2t (Tr—if) o =2ixdg o 67)

b,y = cot

where the dots between ¢ and ¢; mean that there might be terms of order O (t~'/>7¢) which
are, however, smaller than the ¢; term when ¥ — 0.
Although we will not use it below, we present the result for the potential B__ which is

1 +00 )
B__=—(®}),, +o(l) = _ﬁ/ 87 (W= (W) p () €@ dp + o(1).
—0o0

This means that
B__ = cot VPV e A 4 (1), (68)

By contrast, the results for potentials B._ and C,_ + C_; + B__G will be very important for
the subsequent calculations. They are

B, = —ay— ((D’l”)” +0(1) = —ag — 8o+ 0(1)
and

Cio+C_y+B__G = (95),, — (), +o(1) = =28 +o(1),
where « is defined by equation (48) and

i i
59 = —f dulnle(i®, B.0), 8 = —/ dup Inlg(u2, B, 1)),
T J o T J_

o0

Introducing the function 7 (8, k):
+00
I(B. 1) = 3 (/ dutng (a2, B, m) ,

we can rewrite the result for B,_ as

B, = —I(f’ ©) + L/ sign(u — Ag) Inlo(u, B, k)| d+o(1).  (69)
T 27 J_ o

Also, using the fact that (p(pLz, B, k) is an even function of u, one can transform the result for
Ci_+C_,+B__G into

: +00
C, +C.+B _G=— / sign(i — A Inlp(u?, B, ) die +o(1). (70)
T J-oo

17
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5.4. Asymptotic behavior of o (x, t, B, k)

Formulas (69) and (70) allow us to obtain the asymptotic expression for o. As a first step,
combining them with the differential equations (26) we have

i 1 [
ma=—zuxm+—1/ sign(i — A) Inlg (2, B. Ol dp +o(l) (71
T 7)o
and
2 +00
aa=;[ sign(i — ) Inlg (2, B, )] dje + o(1). 72)
—o0

The asymptotic expression for o is obtained integrating equations (71) and (72) over x and ¢.
This implies, however, that more accurate expressions for the derivatives of ¢ that include the
higher-order asymptotic terms are needed to have the same accuracy for o as for b, (67). To
obtain these expressions, we first note that equation (69) implies that

9By = l1n|¢(x2 B K)|1 =0 (1) (73)

2 A t
Combined with the first part of equation (24), 9, B, = 2ib,,B__, this result agrees with the
estimates b,, = O(1/t'/?) and B__ = O(1/t'/?) that were already obtained in the previous

section, see equations (66) and (68). Also, we know that the potentials B__ and b, solve the
separated nonlinear Schrodinger equation (23) for which the general structure of the decreasing
solutions is (see, e.g., [33, 38])

oo 2n
In 41)% a2
by, = t71/2 (”O + Z Z (ntn ) Mnk) 621tk371v1n4t’ (74)

n=1 k=0
2 (Indt)k -y
B = t—l/2 vo + Z Z - Vnk e—2lt}\x+1vln4t’ (75)
t
n=1 k=0
where ug, Vo, Unk, Unr and v are functions of A; = —x/2¢. The parameters v, u,x, v,x can be
expressed in terms of ug, vo. In particular,
VipUg + U2V = 0, V= —4uovo,
(1)2)”
Vitho + U110 = —(5— (76)
327
' i

! N/
VioUo + U1oVy = 16 + g(vouo — volty)',

where the prime denotes the derivative with respect to A;. Now we can improve the
asymptotic expansions for the derivatives 9,0 and d;,0. Substitution of (74) and (75) into
0yB,_ = 2ib,.B__ gives

iv () Indr [0 i, A1 In* 4¢
0B\ = ——+1 +1 +—(v0u0—v0u0) t_2+0 — . ()

2t 16 ¢ 16 4 =
Comparing the first term in this expansion with equation (73), we see that v =
—% 1n|g0(k§, B, K)\ > 0 in equations (74) and (75), in agreement with our previous notation
(55). Integrating equation (77) over x and using the first equation in (26), we obtain

i 1 +00 )
ma:—u&m+—f sign(i — 1) Inlp(, B, ) du
T T J
(V) In4t vy ., C 1 In* 4¢
— 1 ; — 1 + 1(v0u0 — U()MO) ; + 0 2 . (78)
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Equation (25) can be rewritten as
0,(Co_+C_,+B__G)=b,,0,B__ — B__0,b,,.
Then the asymptotic expansions (74) and (75) give

Jxv o ixd (VD)) xde(vguo — upue)  (uovh — vouy)

0;(Ci+C_+B__G)=1—+
(Gt Cor ) =i 812 2 22
3 ((v?)) Indt dyv) In 4t In* 4¢
b 2D I @) Inde - (I3 (79)
8 12 2 t 3
Integrating this equation over x, and using the second equation in (26) we find
2 [* ) (u?) Indt V2
do = — sign(u — A Inlp(u”, B, )ldp — Ay————+ —
T J 2 t 2t
N (2 N 21( ) D40 In* 4¢ 80)
— Ay — Ay — (vouo — vou .
] g om0 0% 12

Finally, integration of equation (79) over x and (80) over ¢ gives the asymptotic expansion for
o(x,t, B, k) of the required accuracy:
+00 2 2

i 1
o (X1, oK) = X1 (B,1c) + —/ x4 200l (2, B, Ol dpt + 2 + 2 nas
T T 2 2

—0Q

(M , In* 4¢
+21/ (vo(u)uo(u)—vo(u)uo(u)du+0(ﬂ)+0( p ) (81)

where c(f) is a constant that depends only on .

6. Asymptotic solution of the RHP: time-like case

The computations in the time-like region defined by

A > —/B, B=h/T >0

are very similar to those presented above for the space-like case. Because of this, the
presentation in this section is more sketchy, emphasizing the differences between the two
regions. As we will see in what follows, the leading term of the asymptotics for the potential
b, is the same in the time-like as in the space-like region. The sub-leading term in the
asymptotic expansion, which is important because it reproduces the predictions of conformal
field theory, is, however, different in the time-like case.

6.1. Manakov ansatz

The Manakov ansatz in the time-like region is

1 —I7(A
q)m()\) — (_Iq()\’) 1( )> efa3ln5()n)’ (82)

where /7 () and 19 ()) are now given by

1 s (w)s! .
10y = 5o [ WD)y e g, (83)
1 J_o n—>»x
and
1 Rl S .
o =5 / SO |y edivini gy, (84)
71 J_o n—Ax
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The functions p(X) and g(X) here are defined in equations (46) and (47), respectively, while
the function & (4) is the solution of the following scalar RHP:

8:(A) =5-MI1 + p)gM)n(h — )], rLeR, d(c0)=1.
Using the fact that for p(}) and g (1) defined by (46) and (47), 1+ p(L)g(A) = lo(A2, B, —K)|%,

one can see that the solution of this RHP can be written as

1 > d
8(2) = exp {%/ m “A Injp(u?, B, —K>|2} :
As -

6.1.1. Properties of §(1). Following the same steps as in the space-like region, we have

8:(0) = (h = 1) 2" expliy 0@ (22, B, =) |- (I (R2, B, =) )10, (85)
with

1 1
vk fk) = =—In o (32, B, )| = ——In lo(22, B, —k)| > 0,

and
1 o0
y() = ;[ In|u — Ald(In|p(u?, B, —Kk)]) dps.
As

This also means that
8+()8_(M) = (A — )M (A — A) 2" (exp 2iy (1)), (86)

showing integrability of the singularity at A,.

6.1.2. Estimation of I17(X) and 19(X). The estimates of I”(A) and I9(X) in the time-like
region are obtained as in the space-like region by the steepest-decent method. The steepest-
descent contours are shown in figure 2.

Similar to the space-like case, for A not too close to the stationary point A, transformation
of the integration contour from the real axis to the steepest-descent paths gives

Pry — 1551 —2ip(x,1,) 1
1L (M) = £n(E£A; F )8, (M2 (M)ph)e +0 NN (87)

and

1L = £n(Fhe £ 08, ()8-()g (W) XM + 0 ( (88)

1
ﬁ(x—m)

Also similar to the space-like case, one can show that for A in the vicinity of the stationary
point, the boundary values of /7 and /9, and therefore @’} (1), are bounded in the large-z limit.
6.2. Approximate solution of the RHP
Combining equations (87), (88) and (82), one obtains

~1
[ )]

— s 1 ‘ N0 — M8, (1) 1871 () p(r) e 260
n(A — Ag)8+(A)SA)g (L) e2i¢(0) |

1
+o <ﬁ(x —m)’

20



J. Phys. A: Math. Theor. 43 (2010) 115204 O 1 Patu et al

Y

Figure 2. Stationary-phase contours for the integrals (83) and (84) in the large-7 limit in the

. . . 2 ; . .
time-like case. The dots are the zeros of the function e*” ~# — e~ with A denoting the zero
which gives the exponentially decreasing correction with the slowest rate of decay for b, in the
time-like case.

and

PT(H) = < ! N — 2)8:.()~AZ ) p(b) e—21¢<x>>

(ks — A8 (M) (Mg (r) 9P )

1
x efd3ln:5,()\) +0 < ) ,
\/;()‘ _)\s)

and therefore,

1 N A N —2irA2—2ixA
[q):"(k)]_lq),f(k)z( +pMg()  p()e >+0( 1 )

q()\) eZit}Lz+21xk 1 \/;()\ _ )"s)
This shows that the Manakov ansatz (82) is an approximate solution for the RHP (41) with the
conjugation matrix (45). More precisely, if ® (1) is the exact solution, then

DA =[I+0@1 91" (M), o€ <0, %) ,

for t — +oo, —%>—\/;§, B> 0.

6.3. Asymptotic behavior of the potentials

As above, the asymptotic expressions for the potentials are extracted from the large-A
expansion of equation (82) making use of the formulas obtained in section 4.3. Substituting
equations (82) and (83) into the second equation in (49), we have

l +00 .
buv = (¥1) p +o(1) = — f 8u ()10 (W)™ p(p) e dp + 0(1),

where p(}) is given by equation (46). The main difference with the space-like region is that
now the residues that give the exponential corrections to the leading term of the asymptotics

21



J. Phys. A: Math. Theor. 43 (2010) 115204 O 1 Patu et al

are the zeros of the function e~ — e~ and not ¢*~# — e The pole that is closest to
the real axis among those that are enclosed by the transformation of the integration contour
from the real axis to I', (see figure 2), and therefore contributes the most slowly decaying
exponential term, is

K= —(B+VE T m) 2 Va4 i+ B 7).

The contributions of the stationary point and the residue at A} produce then the following
expression for b, :

T .0 Y L
b++ = cot 1/2—iv e2lt)hx +ce 2ip (x,y,hg) +0(1)’
. e . -
— Col‘fl/ZflvethkY +c eZt(anflﬁ) e*zll)\.o + 0(1)’ (89)

where ¢y and c; are some undetermined amplitudes which can depend on B, k and A,. Again,
as we approach the bosonic limit, k — 0, the second term in (89) becomes dominant. This
term represents the leading asymtoptic term of b, for impenetrable bosons.

The leading term of the potential B__ is given by the same equation (68) as in the
space-like case. The potentials B, and C._ + C_, + B__G are obtained from equation (50):

B._ =+ag — ('), +0(1) = +ap — 8 + o(1)
and
Co +Ci+ B__G = (@), — (@), +0(1) = =28, +o(1),

where « is now defined by equation (51) and

1 [ ) 1 [ 5
8 = — duInje(u”, B, —«)l, 8 = — dpp Injo(u, B, —«)|. (90)
Tl s 71 As

The result for B,_ can be rewritten as
1(8, —kK) i roo 2
B, =——+— sign(u — Ag) Injo(u”, B, —«)|du +o(l)  (91)
2w 27 J_
in terms of the function
+00 +00
I(B,—Kk) =5 (/ dulng(u?®, B, —K)> =-3 </ dulng(u?, B, K)> :

Also, using the fact that ¢(u?, B, —«) is an even function of u, the equation for
C,_ + C_, + B__G can be transformed into

: +00
Ci+C_+B__G= i / sign(u — A Inlp(u?, B, —K) du +o(1). (92)
—00

6.4. Asymptotic behavior of o (x, t, B, k)

Taking into account that 1 (8, —k) = —1(B, k) and |o(u?, B, —«)| = |@(u?, B, k)|, one sees
directly that the asymptotic expressions (91) for B,_ and (92) for C,_ + C_, + B__G in
the time-like case coincide with the corresponding expressions (69) and (70) in the space-
like region. Since the higher-order corrections discussed in section 5.4 are the same in both
regions, this means that the asymptotic expansion for o in the time-like case is given by the
same equation (81) as before.
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7. Results

Now we have all the ingredients to formulate the results for the main object of our interest, the
anyonic field correlator which, as a reminder, is given in rescaled variables by the expression

(W (x2, )W (1, 1)) = VTg(x, 1, B, &) (93)
with
1 .
g, 1, 1) = =5 &by (x, 1, Brue) 7, 94)

7.1. Negative chemical potential

While all the considerations in the previous sections were based on the assumption that the
chemical potential is positive, in fact, the results obtained are also valid when § < 0. In this
case, we need only the leading term for b,.. Putting together the first term in equation (67) or
(89) and equation (81), we can express the leading asymptotic behavior of the anyonic field
correlator at negative chemical potential as

g(x,t, B, k) = cOt(v—i)Z/z eziz(xfﬂs) eixl(ﬁ,x)/r[ eC(x,t,ﬂ,K)[l + o(t_l/z)], (95)

where ¢ is some constant amplitude, A, = —x/2¢,v = —(1/7)In|p(A2, B, k)|, and the
definitions of all other functions in this equation are presented together in equations (2) and
(3) in the introduction.

7.2. Positive chemical potential

For reasons discussed in section 5.3, in the case of positive chemical potential, one needs to
keep in the asymptotic expansion of the potential b, and, therefore, of the field correlator,
not only the leading term, which is the same in the space-like and time-like regions, but the
next exponentially decreasing term as well, which is different in the two regions. Thus, the
two results should be presented separately.

7.2.1. Space-like region: x /2t > /B. Combining equations (81) and (67), we have
g(x, 1, B, k) = 2 eixl(ﬂ,/c)/nec(x,t,ﬂ,l()[Cotfl/Zfiv QAOIHD) 4 () Q2 o=2inhy o(fl/z)].

(96)

7.2.2. Time-like region: x/2t < /B. In this case, equations (81) and (89) give

2 : H H 2 et
g(x, t IB’ K) — /2elxl(ﬂ,K)/7TeC(x,l,ﬁ,K) [Col_l/z_w eth(Axﬂ‘}) +c e—ZIm( e—21xA0 + 00—1/2)]‘

o7

The constants A, and A{ in these equations are defined by equation (5) in the introduction.

8. Bosonic and free-fermionic limit

As the last step, we analyze our main result for the anyonic field correlator in various limits,
in order to establish the relation with previously known expressions, and to demonstrate the
unexpected features of the anyonic case.
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8.1. Bosonic limit

For bosons, k — 0, one has

002 prx =)= S
s P - - ekz—ﬂ +1 )
o8
A 2 (98)
Cht,poc=0=— [ |x—2illnlp(:2, B, = 0)] di
T J-oo

and v = —(1/m)In|p(A2, B,k = 0)|. Also, I(B,kx = 0) = —27/B for B > 0 and
I(B,k =0) =0for B < 0. In the case of negative chemical potential, using these relations
it is straightforward to see that equation (95) reduces to the known result for impenetrable
bosons [5, 33]. For positive chemical potential, the result obtained in [5, 33] is

g(x, 1, B,k = 0) = cor" 2 CEH AL 4 071, (99)

and is valid in both the space-like and the time-like region. Taking into account that in both
regions, AT = —/B for k = 0, we can see that in equations (96) and (97), the second term
in the parenthesis gives the leading contribution in this limit, which reproduces the bosonic
result. This means that for a certain value of k¥ approaching 0, there is a crossover in which the
relative magnitude of the two terms in the parenthesis changes, and the second term becomes
the leading one for « close to 0.

8.2. Free-fermionic limit

For k — 1, the anyonic system we considered reduces to free fermions. In this case, the
function p(A2, 8, k) vanishes, which means that v = 0 and C(x,t, B,k = 1) = 0. Itis easy
to see that equations (96) and (97) reduce to the corresponding correlators (A.1) and (A.2) of
free fermions that are presented in appendix A.

9. Conformal field theory

The behavior of the field—field correlators of the one-dimensional particle systems at low
temperatures is usually believed to follow the predictions of conformal field theory (CFT).
For impenetrable anyons, the CFT result for the leading term of the large time and distance
asymptotic of the field—field correlator is [7]

. 2T A* 2nT A~
(W(x, )W (0,0)) ~ e < exp {— ( d x — vpt] + 2 lx + qu|>} ,
VF VF

where kr = h and v r = 2kp are the Fermi vector and the Fermi velocity, respectively, and
A® are the conformal dimensions:

1 2
2Ai=<ﬁq:z§> , Z=1.

(Note the differences in conventions between [7] and this work together with the rest of
the papers [1, 2], where we have obtained the determinant representation for the anyonic
field—field correlator. The main difference is related to the ordering of the anyonic creation
operators in the eigenstates of the Hamiltonian, which amounts with the change of the sign
of the statistics parameter « in the formulas of [7].) In the notations of this work, the field
correlator considered here is

(W (x2, )W (x1, 1)) 7, hi=tH—1t >0, Xip =x1 — X2 >0,
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which means that the CFT predictions are

. _aT, (1, &2
(W (x2, )W (xy, 1)) ~ effren @mThirg =iy ¥2(a45) (100)

in the space-like region, and

. Tk 2
(W (2, )W (xp, 1)) ~ elkrenn gy Mg =m T3+ 5) (101)

in the time-like region. The leading term of the asymptotics (96) and (97) obtained from the
exact calculation in this work do not reproduce these equations in the limit of low temperatures
B — o0o. We can show, however, that the sub-leading terms in these asymptotics do give the
conformal behavior. Indeed, as shown in appendix B, in the limit 8 — oo, we have

i = i SBle— 1) — x (1 — )2
xﬂl(,B,K)+C(x,t,,B,/<)—x21\//§(fc 1 xzﬁ(l )%, (102)

in the space-like case, and
i . )
x—I(B,k)+C(x,t,B,k) = x21\//§(fc — 1) —tx(l —«)~, (103)
T
in the time-like case. In the same limit, A, and A§ given by (5) become
Tk
AME=—/BEri——. 104
o =—VBis 7 (104)

Using these formulas, we see directly that the second term in the asymptotic expansion of the
field correlator is given by

tul/z eZixKJBCZtnK e—xﬁ('ﬁ*’l)’ (105)

in the space-like region, and

tuz/z eZixt(\/Ee-’C”j% e—l‘?‘[(l(2+l), (106)

in the time-like region. The exponential terms are exactly the ones predicted by CFT, if we
take into account that x = xlzﬁ, t=tnT/2and B =h/T.

Qualitatively, the non-conformal term of the time-dependent field—field correlator, which
is the leading asymptotic term for particle statistics not too close to bosons, can be traced
back [40] to the singularity of the one-dimensional density of states at the bottom of the
single-particle energy spectrum A — 0. In agreement with this interpretation, there are no
non-conformal terms in the ‘static’ equal-time correlator (see, e.g., [29]), since the single-
particle spectrum is unlimited in the momentum space, A € (—o00,+00). By contrast,
the energy spectrum € oc A% has a threshold at A = 0 with the associated non-analytical
behavior of the density of states. This non-analyticity manifests itself directly through the
non-conformal terms in the asymptotic behavior of the field correlator of the massive one-
dimensional particles.

10. Summary

In conclusion, we have calculated the large time and distance asymptotic behavior of the
temperature-dependent field—field correlation functions of impenetrable one-dimensional
spinless anyons. As a function of the statistics parameter, the anyonic correlator interpolates
continuously between the two limits of impenetrable bosons and free fermions. The main
qualitative feature of our result is that, asymptotically, the anyonic correlator consists of two
additive parts. One is a non-conformal term produced by the non-analyticity of the density
of states at the bottom of the single-particle energy spectrum. For all values of the particle
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statistics away from the bosonic limit, this term gives the leading asymptotic contribution to
the correlator. The other is the sub-leading term which agrees with the conformal field theory
and is associated physically with the low-energy excitations close to the effective Fermi energy
of the system of impenetrable anyons. In agreement with the previous results [5, 39], for the
statistics parameter close to the bosonic limit, the conformal term determines the leading
behavior of the asymptotics. Because of the additivity of the two parts of the correlator and
their different physical origin, even away from the boson limit, the system’s response to the
low-energy probes is determined by the (sub-leading) conformal part of the correlator.

Appendix A. Large time and distance asymptotic behavior of the field correlator for
free fermions

In rescaled variables used in this work, t = (t, — #1)T/2 > 0, x = (x; — xg)ﬁ/Z >0,8=
h/T, the field—field correlation function of free one-dimensional fermions is expressed as [41]

glitp  p+o0 e;ﬁ—ﬁ )
(W (2, )Wy, 1)) 7 = VT / S ot
2 J o e P+

We are interested in the asymptotic behavior of the correlator in the limit of large x > 0,¢ > 0
with x/t = const. The analysis is similar to the one performed for the functions /7 (A) in
section 5.1.2. The leading term is obtained via the steepest descent method and the corrections
come from the poles located in the complex plane at the zeroes of the function e*’ =P +1. The
corrections to the leading term are different in the space-like and time-like regions.

A.l. Space-like region: (x/2t > /B)

In this case, the residue that gives the exponential term with the slowest rate of decay for large

xand tis

Ay = —(B+ VP2 +n2)1/2/\/§— i(—B+VB? +n2)1/2/«/§,
resulting in the following asymptotic behavior of the correlator:
2

2t —2ixA)

(\I/()Cz,tz)\lﬁ(xl,l‘l)h“ "“CQI_I/ZCZir(ﬂ+A)+Cle (] R NI (Al)

Here Ay, = —x/2t is the stationary point of the phase ¢(x,#, 1) and cp,c; are some
constant amplitudes. In the limit of low temperatures, B — oo, using the fact that

Ay — —/B —in/(2/B), we obtain

(W (2, )W (xr, 1) ~ ot TP AP 4 g VBTN VE)

A.2. Time-like region: (x/2t < \/B)
In this case, the residue producing the leading contribution is
Ay =—(B+ \//m)l/z/x/zﬂ(—ﬂ + \//m)l/z/«/i
with the corresponding asymptotic behavior of the correlator:
(W (2, ;)W (xp, 1)) ~ ot T AP 4o 7T e g (A2)
In the low-temperature limit, this becomes

<\IJ()C2, tz)\I’T(x1, tl)>T ~ C0t71/2 ezit(ﬁ+)\f) +c ezixﬁeZH(fH'x/Zﬂ) I
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Appendix B. Analysis of C(x, t, 3, k)

The function C (x, t, 8, k) is defined in the main text as

1 +0o0
Clx,1,B,k) = —/ lx — 2tA|Injp(A%, B, k)| d2, (B.1)
T J-co
where
)\'2 B e)»zfﬂ _ eim{ -
o7, B k) = TRl (B.2)
Using the expansion of the logarithm: In(1 —z) = —) 72, z"/n,|z| < 1, we obtain the
following expansions for In |@ (A2, B, k)|:
) ©° en(kz—ﬂ) .
Inlp(A2, B.x)l == (cos(nmi) + (=)™, re(—/B.V/B) (B.3)

n=1
and

n(B—r2)
¢ (cos(nmic) + (—1)"*h), ) € (=00, —/B) U (/B, 00).

Inlp(2, B, k) ==

n=1

(B.4)

We are interested in the the asymptotic behavior of C (x, ¢, 8, k) in the limit of low temperatures
(B — ©00). This behavior is different in the space-like and time-like region.

B.1. Space-like region: (x/2t > \/B)

It is convenient to express the function C(x, ¢, B, ) in this case as

1 x/2t 1 00
Clx,1,B,1) = —/ (x —2tA) Injp(A%, B, k)| dA + — (21h — x) Injp(2%, B, )| di.
T

—00 x/2t

(B.5)

Using the expansion (B.4) one can see that the second integral in this equation is on the
order of O(e~(*/ 2’)2’/5)), which for x/2t outside of the immediate vicinity of /B, more
precisely: x/2t — /B > O(1/+/B), decreases exponentially in /B, since (x/2t)> — B >
2/B(x/2t — /B). The same argument allows us to extend the upper limit of integration in
the first integral on the RHS of equation (B.5) back to +oo. Then, the expansions (B.3) and
(B.4) combined with the formulas

e‘ﬂ”/\/ﬁe’\z”dk— ! +0< ! ) eﬂ”/ooe_kz”dk— ! +0< ! )
0 S adB AR VP S dB B

give the following estimate for this integral:

1 [*>® ) 2 & cos(nmk) + (—1)mt! 1
;/_w (x—2tk)ln|<p(l,ﬂ,K)IdA:—xnﬁZ — +O(W)‘

n=1

(B.6)

Using formulas (0.234) and (1.443) of [42]: Z,fil(—l)’“rl/n2 = m%/12 and
Z,fil cosnmi/n? = w?By(k/2), where By(x) = x> — x + 1/6 is the second Bernoulli
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polynomial, and the fact that contribution of the region A > x/2¢ to the integral can be
neglected, we rewrite the previous result as

L 2 nle G2, By dh = —x (1 )2+0(L> ( )
ﬂ/;oo |x — 2tAlIn|p(A7, B, k)| ——xz\/B —K 5 ) B — 00).

(B.7)
Therefore, in the space-like region, we have

g

C(x.t.B.k) = —
(x,t, B,x) x2ﬁ

1
1—-x)*+0 (W) , (B — 00). (B.8)

B.2. Time-like region: (x/2t < «/B)

In this case, we begin by expressing C(x, ¢, 8, k) as

4 [ 2 [
C(x,t,B,«) =t—/ Alnjp(A2, B, k)| dA — —f (2t — x) Injp(3%, B, k)| dA. (B.9)
T Jo 7T Jo

Using again, expansion (B.3), one can see that the second integral in this equation is of the
order of 0(6’(‘3’("/2’)2)), which for x /2t not too close to /B, more precisely: /B — x/2t >

O(1/+/B), decreases exponentially in /B, since B — (x/2t)*> > 2/B(J/B — x/2t). Then,
expansions (B.3) and (B.4) and the calculations similar to those in the space-like region give
for the first integral

4 o]
t—/ Alnje(A2, B, k)| dr = —7t (1 — k). (B.10)
T Jo

The final result is

Cx,t, B k) = —mt(1 — k) + O (e~ F~G/207)y, (B.11)
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